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CHERN-MOSER OPERATORS AND WEIGHTED JET
DETERMINATION PROBLEMS IN HIGHER
CODIMENSION
LE´A BLANC-CENTI AND FRANCINE MEYLAN
Abstract. We extend the Chern-Moser approach for hypersurfaces
given in [9] to real submanifolds of higher codimension in complex space
to derive results on jet determination for their automorphism group.
1. Introduction
The study of local CR equivalence of real hypersurfaces in Cn+1 involves
the assignment of different weights to different directions; in the case of
a nondegenerate Levi form at a given point, the complex normal coordi-
nate w is assigned the weight 2 while the complex tangential coordinates
zj, j = 1, . . . , n, are assigned the weight 1 (see [7]). More recently, in the case
of finite multitype in the sense of Catlin [6] at a given point, w is assigned
the weight 1 while the complex tangential coordinates zj , j = 1, . . . , n, are
assigned (possibly different) rational weights µj, in order to study the gen-
eralized Chern-Moser operator [7, 9], whose kernel reflects the link between
the weighted grading of aut(MH , p), the Lie algebra of the real-analytic in-
finitesimal CR automorphisms at p of the model MH of such a hypersurface
M, and the weighted jet determination problem for Aut(M,p), the stability
group of M.
In this paper, we consider the case of a smooth generic submanifold M ∈
C
n+d of codimension d at a given point p of finite type m = (m1, . . . ,mk),
in the sense of Kohn and Bloom-Graham [1, 5, 8], where m1 < · · · < mk are
the Ho¨rmander numbers. Using a result of [5], we may assume that M is
given in suitable holomorphic weighted coordinates (z, w) ∈ Cn+d by
(1) M = {Im w = P + . . . },
where P = (P1, . . . , Pd), and Pj is a (non-zero) weighted homogeneous poly-
nomial of degree mj with no pluriharmonic terms, and the dots are weighted
terms > mj.
We address the question of extending the theory of the generalized Chern-
Moser operator to smooth generic submanifolds of higher codimension of fi-
nite type and show how to reduce the study of the weighted jet determination
problem for Aut(M,p) to the study of the weighted grading of aut(MH , p),
where MH is the model generic homogeneous submanifold associated to M
1
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given by
(2) MH = {Im w = P}.
(See Theorem(3.10)). When m = (2), that is, when P = (Pj) is a d-
dimensional Hermitian form with all Pj linearly independent, Beloshapka
proved in ([3]) that any h = (f, g) ∈ Aut(M, 0) is uniquely determined by
the following of 2-jets at 0
(3) {
∂f
∂z
(0),
∂|2|f
∂z2
(0),
∂2f
∂w∂z
(0),
∂f
∂w
(0),
∂g
∂w
(0),
∂|2|g
∂w2
(0), }
provided that P is nondegenerate as a Hermitian d-dimensional form. His
proof is based on an exponential representation for the solutions of a system
of differential equations with constant coefficients p(D)u = 0, where u =
(u1, . . . , us) are unknown distributions and p(D) is a matrix whose elements
are differential operators with constant coefficients.
As an application of Theorem (3.10), we show, as for the hypersurface
case d = 1 [7], that the second order complex tangential derivatives
∂2f
∂z2
(0)
are not needed (see Proposition 4.3 and Corollary 4.6), while, unlike the hy-
persurface case [7], the mixed derivatives
∂2f
∂w∂z
(0) are needed (see Example
5.4).
We also give an elementary proof of the result of Beloshapka in the case of
codimension 2, using Theorem (3.10) and show how to construct explicitely
the needed 2-jets given by (3).
The paper is organized as follows. In Section 2, we recall the notion of
Bloom-Graham finite type and its basic properties. We also define the notion
of model generic submanifold MH associated to M, and define the notion
of weighted coordinates associated to MH . In Section 3, we show how to
reduce the study of the weighted jet determination problem for Aut(M,p),
the stability group of M, to the study of aut(MH , p), the set of real-analytic
infinitesimal CR automorphisms ofMH at p (see Theorem 3.10). In Section
4, we prove results on aut(MH , p) (see Proposition 4.3) and we discuss the
quadric model case. Section 5 is devoted to the consequences regarding finite
jet determination problems.
2. Preliminaries
Let M ⊆ Cn+d be a smooth generic submanifold of real codimension
d > 1, and p ∈M be a point of finite type m = (m1, . . . ,mk) in the sense of
Kohn and Bloom-Graham [1, 5, 8], wherem1 < · · · < mk are the Ho¨rmander
numbers, and l1, . . . , lk their multiplicities (and thus d =
∑k
j=1 lj). Then
there exist local holomorphic coordinates (z, w) vanishing at p, where z ∈ Cn
and w = (w1, . . . , wk) ∈ C
d with wj ∈ C
lj such that, in these coordinates,
M is described locally as the graph of a real vector valued smooth function
ψ:
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(4) M :


Imw1 = ψ1(z, z¯,Rew) = P1(z, z¯) + . . .
Imw2 = ψ2(z, z¯,Rew) = P2(z, z¯,Rew1) + . . .
...
Imwk = ψk(z, z¯,Rew) = Pk(z, z¯,Rew1, . . . ,Rewk−1) + . . .
where Pj are real vector valued polynomials of length lj satisfying some
conditions of normalization. More precisely, setting z = x + iy and w =
u+ iv, we can assume the following properties:
• each one of the lj components of Pj satisfies
P (tz, tz¯, tm1u1, . . . , t
mj−1uj−1) ≡ t
mjP (z, z¯, u1, . . . , uj−1);
• Pmj (z, 0, u1, . . . , uj−1) ≡ 0,
• there are no terms that contain components Pk,l in the component
Pk,r for l < r (see condition (6.2.6) of Theorem 6.2 in [5]),
• there are no terms of the form uλkk . . . u
λj−1
j−1 Pk in Pj for k < j (see
condition (6.2.6) of Theorem 6.2 in [5]),
and the dots terms correspond to orders strictly bigger thanmj in the formal
Taylor expansion of ψj .
We shall refer to coordinates in which the submanifold M take this form
(4) as standard coordinates.
To make the computations easier, we assign natural weights to the vari-
ables z and w: the tangential variables z1, . . . , zn are given weight
1
m1
, while
the component variables of wj are given weight
mj
m1
.
Definition 2.1. The weighted degree κ of a monomial
q(z, z¯, u) = cαβλz
αz¯βuλ11 . . . u
λk
k
where α, β, λ1, . . . , λk are multi-indices and cαβλ 6= 0, is defined as
κ :=
1
m1
(|α| + |β|) +
k∑
j=1
|λj |
mj
m1
.
We obtain then the notion of weighted homogeneous polynomial.
Definition 2.2. A polynomial Q(z, z¯, u) is said to be weighted homogeneous
of weighted degree κ if it is a non-zero sum of monomials of weighted degree
κ.
Remark 2.3. Note that according to this definition, Pj is a vector valued
weighted homogeneous polynomial of weighted degree
mj
m1
, while the dots
are made of terms of weighted degree strictly bigger than
mj
m1
.
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Definition 2.4. We define a model generic submanifoldMH of codimension
d associated to M at 0 by the equations
(5) MH :


v1 = P1(z, z¯)
v2 = P2(z, z¯, u1)
...
vk = Pk(z, z¯, u1, . . . , uk−1)
Example 2.5. Let M ⊆ Cn+d be a smooth generic submanifold of real
codimension d of finite type at p, with m1 = 2 the only Ho¨rmander number
(of multiplicity d). This exactly means that M is described locally in a
neighborhood of p = 0 by the equations

v1 =
tz¯A1z + o(z, u)
...
vd =
tz¯Adz + o(z, u)
where A1, . . . , Ad are linearly independant Hermitian matrices. In this case,
the associated model submanifold is a quadric.
Note that standard coordinates are not unique, but all models are equiv-
alent by a linear action as it is shown in the next lemma.
3. The basic identities
Definition 3.1. We denote by Aut(M, 0) the set of germs at 0 of biholo-
morphisms mapping M into itself and fixing 0.
Lemma 3.2. Let h ∈ Aut(M, 0). Then (z′, w′) = h(z, w) is of the form
(6)
z′ = z + f(z, w)
w′j = wj + gj(z, w),
where gj(z, w) (resp. f) is a sum of terms of weighted degree bigger or equal
to
mj
m1
(resp. bigger or equal to 1
m1
).
Proof. The statement is obvious for f(z, w) and g1(z, w). Suppose now
that the statement is true for gl(z, w), l < j, and suppose by contradiction
that there is a term in gj(z, w) of minimal order of the form
aλ(z)w
λ1
1 . . . w
λk
k
of weighted degree less than
mj
m1
. If aλ(0) = 0, this leads to a contradiction
since one gets a term of the form
aλ(z)u
λ1
1 . . . u
λk
k
of weighted degree less than
mj
m1
, which is not possible using the conditions
of normalization and the induction. If aλ(0) 6= 0, then either we obtain a
term of the form
aλ(0)u
λ1
1 . . . u
λk
k
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or a term of the form
aλ(0)c u
λ1
1 . . . u
λk−1
k Pk,
where c is a real constant. But this can not cancel with any other term,
using the conditions of normalization of Pl, l = 1 . . . d.

Definition 3.3. We denote by aut(MH , 0) the set of germs of real-analytic
infinitesimal CR automorphisms of MH at 0.
Remark 3.4. [1] Recall that X ∈ aut(MH , 0) if and only if there exists
a germ Z at 0 of a holomorphic vector field in Cn+d such that ReZ is
tangent to MH and X = ReZ|MH . By abuse of notation, we also say that
Z ∈ aut(M, 0).
We decompose the formal Taylor expansion of ψj , denoted by Ψj, into
weighted homogeneous polynomials Ψj,ν of weighted degree ν,
Ψj =
∑
ν
Ψj,ν.
Let h ∈ Aut(M, 0) given by (6).
Putting f = (f1, . . . , fn), and g = (g1, . . . , gk), we consider the mapping
given by
T = (f, g),
and, again, decompose each power series fi and gj into weighted homoge-
neous polynomials fi,µ and gj,µ of weighted degree µ:
fi =
∑
µ
fi,µ , gj =
∑
µ
gj,µ.
Since h ∈ Aut(M, 0), substituting (6) into v′ = ψ(z′, z¯′, u′) we obtain the
transformation formula
ψ(z + f(z, u+ iψ(z, z¯, u)), z + f(z, u+ iψ(z, z¯, u)), u+Re g(z, u + iψ(z, z¯, u)))
= ψ(z, z¯, u) + Im g(z, u + iψ(z, z¯, u)).
Expanding this equality we consider terms of weight µ > 1. We get that for
all 1 ≤ l ≤ k,
(7)
2Re
n∑
j=1
Pl,zj(z, z¯)fj, µ−1+ 1
m
(z, u+ iP (z, z¯))+
2Re
k−1∑
j=1
Pl,wj (z, z¯)gj, µ−1+
mj
m1
(z, u+ iP (z, z¯)) =
= Im gl, µ−1+ml
m1
(z, u+ iP (z, z¯)) + . . .
where dots denote terms depending on fj, ν−1+ 1
m
, g
j, µ−1+
mj
m1
, ψν , for ν < µ.
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Proposition 3.5. Let h = (z + f,w + g) ∈ Aut(M, 0) be given by (6). Let
(f, g) =
∑
(f, g)µ,
where
(f, g)µ = (fµ−1+ 1
m
, g1, µ−1+m1
m1
, . . . , gk, µ−1+mk
m1
).
Let µ0 be minimal such that (f, g)µ0 6= 0. If µ0 > 1, the (non trivial vector)
field
Y =
n∑
j=1
fj, µ0−1+ 1m
∂
∂zj
+
k∑
j=1
g
j, µ0−1+
mj
m1
.
∂
∂wj
lies in aut(MH , 0), where MH is given by (5).
Proof. Using (7) and the definition of µ0, we obtain
2Re
n∑
j=1
Pl,zj(z, z¯)fj, µ−1+ 1
m
(z, u+iP (z, z¯))+
2Re
k−1∑
j=1
Pl,wj (z, z¯)gj, µ−1+
mj
m1
(z, u+iP (z, z¯)) =
= Im gl, µ−1+ml
m1
(z,u+ iP (z, z¯)).
Applying v − P to Y, and using (3), we obtain
Re Y (vl − Pl)|MH =
−Re
n∑
j=1
Pl,zj(z, z¯)fj, µ−1+ 1
m
(z, u+iP (z, z¯))+
−Re
l−1∑
j=1
Pl,wj(z, z¯)gj, µ−1+
mj
m1
(z, u+iP (z, z¯))−
+
1
2
Im gl, µ−1+ml
m1
(z,u+ iP (z, z¯)) = 0.

Definition 3.6. We say that the vector field
Y =
n∑
j=1
Fj(z, w)
∂
∂zj
+
k∑
j=1
Gj(z, w).
∂
∂wj
has homogeneous weight µ (≥ −mk
m1
) if Fj is a weighted homogeneous poly-
nomial of weighted degree µ+ 1
m1
, and Gj is a homogeneous polynomial of
weighted degree µ+
mj
m1
.
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Remark 3.7. We write
aut(MH , 0) = ⊕µ≥−mk
m1
Gµ,
where Gµ consists of weighted homogeneous vector fields of weight µ. Note
that each weighted homogeneous component Xµ of X is in aut(MH , 0) if
X ∈ aut(MH , 0).
Example 3.8. The vector fields Wk,j, j = 1, . . . , lk, given by
(8) Wk,j =
∂
∂wk,j
lie in G−mk
m1
.
Example 3.9. The vector field defined by
E =
1
m1
n∑
j=1
zj
∂
∂zj
+
k∑
j=1
mj
m1
wj.
∂
∂wj
.
lies in G0.
Theorem 3.10. Let M ⊂ Cn+d be a smooth generic submanifold of codi-
mension d that is of finite type at 0 given by (4). Let MH be the model
hypersurface given by (5). Let µ0(> 1) such that
aut(MH , 0) = ⊕−mk
m1
≤µ<µ0−
mk
m1
Gµ
Then any h = (z + f,w+ g) ∈ Aut(M, 0) given by (6) such that (f, g)µ = 0
for µ < µ0 is the identity map.
Proof. Using Example 3.9, apply Proposition 3.5.

4. Description of aut(MH , 0).
Definition 4.1. We denote by Gµ
R the set of vector fields in Gµ that are
rigid, that is, whose coefficients depend only on z.
Remark 4.2. Note that Wk,j are rigid, while E is not.
Proposition 4.3. Let MH given by (5), and assume it is holomorphically
non degenerate. Then every rigid homogeneous vector field in aut(MH , 0) is
of weight strictly smaller than
mk − 1
m1
.
Proof. Let X ∈ Gµ
R, µ ≥
mk − 1
m1
, be given by
X =
n∑
j=1
fj(z)
∂
∂zj
+
d∑
l=1
gl(z).
∂
∂wl
.
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Using (4), and in particular the fact that Pmr does not contain pluriharmonic
terms, we obtain that gl = 0. By assumption, we have
(Re
n∑
j=1
fj(z)
∂
∂zj
) (vr − Pr(z, z¯)) = 0.
By the reality of Pr, we may rewrite this as
(9) Re


n∑
j=1
fj
∂Pr
∂zj
(z, z¯)

 = 0.
Write
n∑
j=1
fj(z)
∂Pr
∂zj
(z, z¯) =
∑
α,αˆ
Bααˆrz
αz¯αˆ,
Using (9), we obtain
(10) Bααˆr = −Bαˆαr.
On the other hand, since Pr is of weighted degree
mr
m1
, we have
(11) weight(
∂Pr
∂zj
) =
mr
m1
−
1
m1
.
First we claim that Bα,αˆr are zero for all α, αˆ, r. By contradiction, assume
there is α, αˆ, r, with Bα,αˆr 6= 0. By assumption, |α| ≥
mr
m1
whereas |αˆ| <
mr
m1
,
using (11). On the other hand, by (10), we obtain that there exists a nonzero
term with weight in z less than
mr
m1
, and in z¯ greater than or equal
mr
m1
.
That gives a contradiction, hence all Bα,αˆr are zero. Therefore we obtain
that X itself is complex tangent to MH , and since MH is holomorphically
nondegenerate, X = 0.

Assume that M has only one Ho¨rmander number, that is, m = (m1):
then
{W1,j, j = 1, . . . , d} = G−1
R = G−1
and we have the following lemma whose easy proof is left to the reader.
Lemma 4.4. Let M ⊂ Cn+d be a smooth generic submanifold of codimen-
sion d that is of finite type at 0 in standard form with m = (m1). Let Y ∈
Gµ \Gµ
R and let {W1,j, j = 1, . . . , d} be given by (8). For every 1 ≤ j ≤ d
there exist an integer kj ≥ 0 and a vector field D
(kj)(Y ) ∈ aut(MH , 0) whose
coefficients do not depend on w1,j such that [. . . [[X;W1,j ];W1,j ]; . . . ];W1,j ] =
D(kj)(Y ), where the string of brackets is of length kj.
This leads to the following definition in the case m = (m1).
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Definition 4.5. Let X ∈ Gµ
R. We say that Y ∈ G
µ+
∑d
j=1 kj
is a |k|-
integration of X, |k| =
∑d
j=1 kj , if
D(k1)(. . . (D(kd)(Y ) . . . ) = X.
We denote Y by D−(|k|)(X).
By now, we focus on the case when 2 is the only Ho¨rmander number of
M . Following Example 2.5, this means that the model submanifold is the
following quadric:
(12) Q =


v1 =
tz¯A1z
...
vd =
tz¯Adz
with A1, . . . , Ad linearly independent Hermitian matrices. Moreover, the
condition
(13) ∩ ker (Aj) = {0}
is satisfied if and only if there is no holomorphic tangent vector field to Q.
Hence, following [4], we deal with non-degenerate submanifolds.
A direct application of Proposition 4.3 yields to
Corollary 4.6. Assume that Q is non-degenerate: then Gµ
R = {0} for
µ > 0.
Remark 4.7. Note that G0
R 6= {0}, since the vector field
n∑
j=1
izj
∂
∂zj
∈ G0
R.
As it can be deduced from a formula given by Shevchenko [10], we obtain
more for d = 2:
Theorem 4.8. Let Q be the quadric given by (12), and assume d = 2. If
Q is nondegenerate, then
(1) D−1(G0
R) \ (D−1(G0
R) ∩ D−2(G−1
R)) = {0};
(2) D−2(G− 1
2
R) = {0};
(3) D−1(G−1
R) 6= 0, D−3(G−1
R) = {0}.
Proof. • Suppose by contradiction that there exist X,Y ∈ GR0 such
that
w1X + w2Y ∈ D
−1(G0
R).
Without loss of generality, we may assume that [X,Y ] = 0, since oth-
erwise, we have w2[X,Y ] ∈ D
−1(G0
R), which is not possible unless
[X,Y ] = 0. Then, by assumption, we obtain the following equation
P1X(P ) + P2Y (P ) = 0.
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Using the fact that M is of finite type m = 2, this last equality leads
to
X(P ) = αP2, Y (P ) = βP1,
α and β complex valued vectors.
Using the fact that [X,Y ] = 0, and the fact that MH is holomor-
phically nondegenerate, we obtain that X = Y = 0.
• Let Z1 ∈ G− 1
2
R be of the form
Z1 = a1
∂
∂z1
+ a2
∂
∂z2
+ b1(z)
∂
∂w1
+ b2(z)
∂
∂w2
,
with ai ∈ C, and bi(z) linear. If Z1 integrates, we obtain, after a
possible permutation of the variables w1 and w2, an equation of the
form
(14) P1Im Z1(P ) + P2Im Z2(P ) + ReX1(P ) = 0,
where Z2 ∈ G− 1
2
R and X1 is a rigid vector field of weight
1
2 . If
D−2(Z1) exists, then we obtain, using the fact that P is a hermitian
form, the following system
(15)


P1Im X1(P ) + P2Im X2(P ) = 0
P1Im X2(P ) + P2Im X3(P ) = 0,
where Xj are rigid vector fields of weight
1
2 . It is not hard to see
that since P1 and P2 are linearly independent, the only solution to
the system (15) is the trivial solution. Hence, using Corollary(4.6)
and (14), the following system of equations holds
(16)


P1 Z1(P ) + P2 Z2(P ) = 0
P1 Z2(P ) + P2 Z3(P ) = 0,
where Z3 ∈ G− 1
2
R. Using (16), we conclude that Z1(P ) = 0, and
hence Z1 = 0, which gives the contradiction.
• By integrating W1 =
∂
∂w1
, we obtain an equation of the form
(17) AP +ReX1(P ) = 0,
where A is a nonzero 2× 2 real matrix, and X1 is a rigid vector field
of weight 0. Using the Euler field, we conclude that (17) holds (with
CHERN-MOSER OPERATORS 11
A = I). Hence D−1(G−1
R) 6= 0. If D−3(G−1
R) 6= 0, we obtain a
nontrivial equation of the form∑
cα1α2P1
α1P2
α2 = 0.
But this is not possible by assumption of finiteness.

5. Finite jet determination results
Let h = (z + f,w + g) ∈ Aut(M, 0) be given by (6). If MH is holomor-
phically non degenerate, then there exist N1, N2, N3 such that h is uniquely
determined by the following set of derivatives [2]
{
∂|α|f
∂zα
,
∂|β|+|γ|h
∂zβ∂wγ
, |α| ≤ N1, |β| ≤ N2, 0 < |γ| ≤ N3}.
Proposition 4.3 yields to
Theorem 5.1. Let M ⊂ Cn+d be a smooth generic submanifold of codimen-
sion d that is of finite type at 0 given by (4), where MH is holomorphically
non degenerate. Let h = (z + f,w + g) ∈ Aut(M, 0), N1, N2, N3 as above.
Then N1 ≤ mk − 1.
When M is a nondegenerate submanifold, we get a more precise result in
the light of Corollary 4.6:
Corollary 5.2. Let M ⊂ Cn+d be a smooth generic submanifold of codi-
mension d that is of finite type m = (2) at 0. If Q is holomorphically non
degenerate, then any h = (z + f,w+ g) ∈ Aut(M, 0) is uniquely determined
by the following partial derivatives
• the first complex tangential derivatives
∂fj
∂zk
, j, k = 1, . . . , n,
• the mixed derivatives
∂2fj
∂wl∂zk
, j, k = 1, . . . , n, l = 1, . . . , d,
• the first and second order normal derivatives
∂fj
∂wl
,
∂gu
∂wl
,
∂2gu
∂ws∂wl
, j =
1, . . . , n, u, l, s = 1, . . . , d.
If d = 2, the mixed derivatives
∂2fj
∂wl∂zk
, l = 1, 2, k = 1, . . . , n, are not
needed.
We may compare this result with the Theorem obtained by Beloshapka
[3], in which the second order complex tangential derivatives
∂2fj
∂zk2
, j, k =
1, . . . , n are also needed.
Remark 5.3. Note that if d = 1, Chern Moser’s Theorem[7] shows that
the mixed derivatives
∂2fj
∂w∂zk
, j, k = 1, . . . , n, are never needed, that is
D−1(G0
R) = {0}.
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Unlike the hypersurface case, D−1(G0
R) 6= {0}, if d > 3, as it is shown in
the following example.
Example 5.4. Let M be given by
M = {(z1, z2, z3, z4, w1, w2, w3)) ∈ C
7 |
v1 = z3z¯3, v2 = z4z¯4, v3 = z1z¯3 + z3z¯1 + z2z¯4 + z4z¯2.}
The associated matrices are
A1 =


0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

A2 =


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1


A3 =


0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0


Let X and Y be the vector fields
X = iz3
∂
∂z1
, Y = −iz4
∂
∂z2
It is easy to check that
w1Y + w2X ∈ D
−1(G0
R)
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